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rotationAbstract The unsteady hydromagnetic ﬂow of a viscous incompressible electrically conducting
ﬂuid induced by a sudden coincidence of two axes of rotation while a disk and the ﬂuid at inﬁnity
are initially rotating with the same angular velocity about non-coincident axes in the presence of an
axial uniform magnetic ﬁeld has been examined considering the Hall effects. An exact solution of
the governing equations has been obtained by the Laplace transform technique. The asymptotic
behavior of the ﬂow has been analyzed for small as well as large times to highlight transient
approach to the steady state ﬂow. It is found that the velocity components increase with an increase
in Hall parameter. It is also found that for large time the steady state is reached through inertial
oscillations. It is found that the solution for small values of time converges more rapidly than
the general solution.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Rotating Magnetohydrodynamic (MHD) ﬂows exploit mag-
netic ﬁelds which can induce currents in a movable conductive
ﬂuid. Liquid metals, plasmas and electrolytes are all important
examples of MHD ﬂuids. MHD ﬂows also utilize a Lorenz
force which can be used to regulate a variety of ﬂow regimes.
Many applications exist for rotating hydromagnetic ﬂowsincluding propulsion systems, rotating MHD energy genera-
tors, smart spacecraft landing gear systems, hydrogen produc-
tion with solar MHD plants, plasma fusion technology,
nuclear thermal control systems, magneto-hydrodynamic
chemical reactor processing and biomagnetic reactors. The
problem of disk ﬂows has occupied a central position in the
ﬁeld of ﬂuid dynamics. Disk ﬂows have immediate technical
applications in rotating machinery, heat and mass exchangers,
biomechanics and oceanography. Technical applications of
rotating disk problems can be found for instance in viscome-
try, spin-coating, manufacturing and use of computer disks
and in various rotating machinery components. In view of its
wide applications in industrial and other technological ﬁelds,
the problem of ﬂow near a rotating disk has been extended
to hydromagnetics. One of the major applications of the
MHD rotating disk ﬂow is the manufacture of the magnetic
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ity [1]. The hydromagnetic ﬂow due to a rotating disk was ﬁrst
investigated by Katukani [2]. Exact solutions for the ﬂow due
to a rotating disk in a variety of situations have been obtained
by a number of researchers. An exact solution of this type of
problem has obtained by Berker [3]. Coirier [4] has studied
the ﬂow of a Newtonian ﬂuid caused by non-coaxial rotation
of a disk and a ﬂuid at inﬁnity. The non-Newtonian ﬂow
due to a disk and a ﬂuid at inﬁnity which are rotating non-
coaxially at a slightly different angular velocity has been stud-
ied by Erdogan [5]. An exact solution of the three dimensional
Navier–Stokes equations for the ﬂow due to non-coaxial rota-
tions of a porous disk and a ﬂuid at inﬁnity has been studied
by Erdogan [6,7]. Pop [8] was the ﬁrst to consider the unsteady
ﬂow produced by a disk and a ﬂuid at inﬁnity. He studied the
unsteady ﬂow due to non-coaxially rotating disk and a ﬂuid at
inﬁnity. Kasiviswanathan and Rao [9] have presented an exact
solution of the unsteady Navier–Stokes equations for the ﬂow
produced by an eccentrically rotating porous disk oscillating in
its own plane and the ﬂuid at inﬁnity. Chakraborti et al. [10]
have studied the hydromagnetic ﬂow due to non-coaxial
rotations of a disk and a ﬂuid at inﬁnity with same angular
velocity. Murthy and Ram [11] have considered the magneto-
hydrodynamic ﬂow and heat transfer due to eccentric rotations
of a porous disk and a ﬂuid at inﬁnity. Kanch and Jana [12]
examined the Hall effects on hydromagnetic ﬂow past an
eccentrically rotating porous disk in a rotating ﬂuid. Erdogan
[13] has studied the unsteady ﬂow of a viscous ﬂuid due to non-
coaxial rotations of a disk and a ﬂuid at inﬁnity. Many studies
corresponding to the same unsteady motion have been exam-
ined by a number of researches considering various variations
in the problem. Hayat et al. [14] have investigated the problem
in the presence of a magnetic ﬁeld for a Newtonian ﬂuid and a
porous disk. Siddiqui et al. [15] have studied the unsteady
MHD ﬂow of a non-Newtonian ﬂuid due to eccentric rotations
of a porous disk and a ﬂuid at inﬁnity. Hayat et al. [16] have
examined the MHD ﬂow of a third-grade ﬂuid due to eccentric
rotations of a porous disk and a ﬂuid at inﬁnity. The unsteady
viscous ﬂow induced by eccentric-concentric rotation of a disk
and the ﬂuid at inﬁnity has been presented by Ersoy [17].
Hayat et al. [18] have investigated the magnetohydrodynamic
ﬂow due to non-coaxial rotations of a porous oscillating disk
and a ﬂuid at inﬁnity. Hayat et al. [19] have re-examined the
same problem for arbitrary periodic oscillations. Attia and
Aboul-Hassan [20] have examined the hydromagnetic ﬂow
due to a rotating disk. Ersoy [21] has studied the unsteady ﬂow
of a Maxwell ﬂuid induced by non-coaxial rotation of a disk
and a ﬂuid at inﬁnity. An oscillatory ﬂow due to eccentrically
rotating porous disk and a ﬂuid at inﬁnity has been studied by
Guria et al. [22]. Asghar et al. [23] have studied the MHD non-
Newtonian ﬂow due to non-coaxial rotations of an accelerated
disk and a ﬂuid at inﬁnity. The unsteady ﬂow of a Newtonian
ﬂuid induced by eccentric-concentric rotation of a porous disk
and a ﬂuid at inﬁnity has been presented by Ersoy [24].
In all these studies the effects of Hall current are neglected
which is important when magnetic ﬁeld is very strong. It is
already reported that the inﬂuence of electromagnetic force
becomes dominant and results in anisotropic electrical conduc-
tivity in the ﬂuid when magnetic ﬁeld is strong. Eventually
anisotropy in the electrical conductivity of ﬂuid produces a cur-
rent commonly known as Hall current (see Sutton and Sherman
[25]). Due to this Hall current the secondary ﬂow induces in ﬂowﬁeld. Hall effects gained widespread interest in ﬂuid dynamics
due to their applications in many geophysical and astrophysical
situations as well as in engineering problems such as Hall accel-
erators, Hall effect sensors, constructions of turbines and cen-
trifugal machines. Guria et al. [26] have investigated the
MHD ﬂow including Hall effects of a Newtonian ﬂuid under
the application of both the suction and blowing at the disk.
Hayat et al. [27] have studied Hall effects on unsteady ﬂow
due to non-coaxially rotating disk and ﬂuid at inﬁnity. Salem
[28] has examined the Hall current effects on MHD ﬂow of a
power-law ﬂuid over a rotating disk. Makinde and Takhar
[29] have studied the magnetohydrodynamic viscous ﬂow in a
rotating porous medium cylindrical annulus with an applied
radial magnetic ﬁeld. Sibanda andMakinde [30] have presented
the steadyMHD ﬂow and heat transfer due to a rotating disk in
a porous medium with Ohmic heating and viscous dissipations.
Guria et al. [31] have studied the effects of Hall current and slip
condition on the unsteady ﬂow of a viscous incompressible ﬂuid
due to non-coaxial rotation of a porous disk and a ﬂuid at inﬁn-
ity. Hall effects on an oscillating ﬂow due to eccentrically rotat-
ing porous disk and a ﬂuid at inﬁnity have been studied by
Ghara et al. [32]. The unsteady MHD ﬂow and heat transfer
over a ﬂat plate with Navier slip and Newtonian heating have
been investigated by Makinde [33]. Shateyi and Makinde [34]
have presented the hydromagnetic stagnation-point ﬂow
toward a radially stretching convectively heated disk.
The aim of the present paper was to study the effects of Hall
current on the unsteady ﬂow of a viscous incompressible electri-
cally conducting ﬂuid due to sudden rotation of a disk and the
ﬂuid at inﬁnity which are initially rotating non-coaxially. The
governing equations have been solved analytically using the
Laplace transform technique. It is assumed that the magnetic
Reynolds number is small enough to neglect induced magnetic
ﬁeld. The numerical computations are done by MATLAB
R2009a. Effects of governing parameters on the ﬂuid velocity
components and the shear stresses at the disk are presented
graphically and tabulated. The asymptotic behavior of the ﬂow
has been analyzed for both small and large time to highlight the
transient approach to the steady state ﬂow.2. Mathematical formulation and its solution
Consider the unsteady ﬂow of a viscous incompressible
electrically conducting ﬂuid occupying the space z> 0 and is
bounded by an inﬁnite porous disk at z= 0. Due to the sym-
metry about the z= 0 plane, it is sufﬁcient to consider the
problem in the upper half space only. The axes of rotation
of both the disk and that of the ﬂuid at inﬁnity to be in the
plane x= 0. Initially, at time t= 0, the disk and the ﬂuid at
inﬁnity are rotating with the same uniform angular velocity
X about the z and z0-axes respectively and the distance between
the axes is denoted by l (see Fig. 1). At time t> 0, the disk
suddenly starts to rotate with its initial angular velocity about
z0-axis. A uniform magnetic ﬁeld is applied perpendicular to
the surface of the disk and has a constant magnetic ﬂux density
B0 which is assumed unchanged by taking small magnetic
Reynolds number.
At time t= 0, the boundary conditions of the problem are
u ¼ Xy; v ¼ Xx; w ¼ 0 at z ¼ 0;
u ¼ Xðy lÞ; v ¼ Xx; w ¼ 0 as z!1; ð1Þ
Figure 1 Geometry of the problem.
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along x, y and z-directions.
The geometry of the problem (Fig. 1) suggests that the
velocity ﬁeld in the ﬂow is of the form
u ¼ Xyþ f^ðzÞ; v ¼ Xxþ g^ðzÞ; w ¼ h^ðzÞ: ð2Þ
where f^ðzÞ; g^ðzÞ and h^ðzÞ are unknown functions.
The equation of continuity gives @h^
@z
¼ 0. On integrating and
using boundary conditions, we get h^ðzÞ ¼ 0.
On the use of (2), Navier–Stokes’ equations of motion
along the x, y and z directions are
 Xg^ ¼  1
q
@p
@x
þ X2xþ m d
2 f^
dz2
þ B0
q
Jy; ð3Þ
Xf^ ¼  1
q
@p
@y
þ X2yþ m d
2g^
dz2
 B0
q
Jx; ð4Þ
0 ¼  1
q
@p
@z
; ð5Þ
where q is the density of the ﬂuid, m the kinematic viscosity, p
the ﬂuid pressure. Eq. (5) shows that p is the function of x and
y only and Jx and Jy the components of current density along x
and y directions.
The boundary conditions for f^ðzÞ and g^ðzÞ become
f^ð0Þ ¼ 0; g^ð0Þ ¼ 0; ð6Þ
f^ð1Þ ¼ Xl; g^ð1Þ ¼ 0: ð7Þ
The generalized Ohm’s law, on taking Hall currents into
account and neglecting ion-slip and thermo-electric effect, is
(see Cowling [35])
~Jþ xese
B0
ð~J ~BÞ ¼ rð~Eþ~q ~BÞ; ð8Þ
where ~J is the current density vector,~B is the magnetic induc-
tion vector, ~E is the electric ﬁeld vector, xe is the cyclotron fre-
quency and se is the collision time of electron.
It is assumed that the magnetic Reynolds number for the
ﬂow is small so that the induced magnetic ﬁeld can be
neglected. This assumption is justiﬁed since the magnetic Rey-
nolds number is generally very small for the partially ionized
gases. Thus, it can be assumed that due to the low magnetic
Reynolds number the applied magnetic ﬁeld is unaffected by
the effect of the motion of the conducting ﬂuid. Whereas,
the effect of the magnetic ﬁeld on the ﬂuid motion manifestsitself in the form xese
B0
ð~J ~BÞ, which is known as the Lorentz
force. If the strength of the magnetic ﬁeld is high, then one can-
not neglect the Hall current. This is rather important case for
some practical engineering problems. The electron-atom colli-
sion frequency is assumed to be relatively high, so that the Hall
effects cannot be neglected [25].
If (Bx, By, Bz) are the components of the magnetic ﬁeld vec-
tor ~B, the solenoidal relation r  ~B ¼ 0 gives Bz = constant
=B0, everywhere in the ﬂow. Further, if ~J  ðJx; Jy; JzÞ be
the components of the current density ~J, then the equation
of the conservation of the charge r  ~J ¼ 0 gives Jz= constant.
This constant is zero since Jz = 0 at the disk which is electri-
cally non-conducting. Thus Jz = 0 everywhere in the ﬂow.
Again, neglecting induced magnetic ﬁeld, the Maxwell’s equa-
tion r ~E ¼ 0 gives @Ex
@z
¼ 0 and @Ey
@z
¼ 0. This implies that
Ex= constant and Ey= constant everywhere in the ﬂow. In
view of the above assumptions, the Eq. (8) gives
Jx þmJy ¼ rðEx þ vB0Þ; ð9Þ
Jy mJx ¼ rðEy  uB0Þ; ð10Þ
where m= xese is the Hall parameter which can take positive
or negative values. Positive values of m mean that B0 is
upwards and the electrons of the conducting ﬂuid gyrate in
the same sense as the rotating disk. For negative values of
m, B0 is downwards and the electrons gyrate in an opposite
sense to the disk.
In the free-stream, the magnetic ﬁeld is uniform so that
there is no current and hence, we have
Jx ! 0; Jy ! 0 as z!1: ð11Þ
On the use of (11), Eqs. (9) and (10) yield
Ex ¼ XB0x; Ey ¼ XB0ðy lÞ; ð12Þ
everywhere in the ﬂow.
Substituting the above values of Ex and Ey in the Eqs. (9)
and (10) and solving for Jx and Jy, we get
Jx ¼ rB0
1þm2 ½g^mðXl f^Þ; ð13Þ
Jy ¼ rB0
1þm2 ½ðXl f^Þ þmg^: ð14Þ
On the use of (13) and (14), Eqs. (3) and (4) yield
Xg^¼ 1
q
@p
@x
þX2xþ m d
2 f^
dz2
þ rB
2
0
qð1þm2Þ ðXl f^Þ þmg^
h i
; ð15Þ
Xf^¼ 1
q
@p
@y
þX2yþ md
2g^
dz2
 rB
2
0
qð1þm2Þ g^mðXl f^Þ
h i
: ð16Þ
On the use of inﬁnity conditions, Eqs. (17) and (16) yield
0 ¼  1
q
@p
@x
þ X2x; ð17Þ
X2l ¼  1
q
@p
@y
þ X2y: ð18Þ
Using Eqs. (17), (18), (15) and (16) become
 Xg^ ¼ m d
2 f^
dz2
þ rB
2
0
qð1þm2Þ ðXl f^Þ þmg^
h i
; ð19Þ
 X2lþ Xf^ ¼ m d
2g^
dz2
 rB
2
0
qð1þm2Þ g^mðXl f^Þ
h i
: ð20Þ
Combining Eqs. (19) and (20), we get
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d2 bF
dz2
 rB
2
0ð1þ imÞ
qð1þm2Þ þ iX
  bF ¼ 0; ð21Þ
where
bF ¼ f^þ ig^
Xl
 1 and i ¼
ﬃﬃﬃﬃﬃﬃ
1
p
ð22Þ
Introducing the non-dimensional variable
g ¼
ﬃﬃﬃﬃﬃ
X
2m
r
z; ð23Þ
Eq. (21) becomes
d2 bF
dg2
 2 M
2ð1þ imÞ
1þm2 þ i
  bF ¼ 0; ð24Þ
whereM2 ¼ rB20qX is the magnetic parameter which represents the
ratio of the magnetic force to the ﬂuid inertia force [31].
The boundary conditions for bFðgÞ are
bFð0Þ ¼ 1 and bFð1Þ ¼ 0: ð25Þ
The solution of Eq. (24) subject to boundary conditions
(25) can easily be obtained and on using (22), we get
f^
Xl
¼ 1 eag cos bg; ð26Þ
g^
Xl
¼ eag sinbg; ð27Þ
where
a; b ¼ M
4
ð1þm2Þ2 þ 1þ
mM2
1þm2
 2( )12
 M
2
1þm2
24 3512: ð28Þ
At time t> 0, the disk at z= 0 suddenly starts to rotate
with the initial angular velocity X about z0-axis. The initial
and the boundary conditions of the problem are
u¼Xyþ f^ðzÞ; v¼Xxþ g^ðzÞ; w¼ 0 at t¼ 0 for all zP 0; ð29Þ
u¼Xðy lÞ; v¼Xx; w¼ 0 at z¼ 0 for t> 0; ð30Þ
u¼Xðy lÞ; v¼Xx; w¼ 0 as z!1 for t> 0; ð31Þ
where u, v, w are respectively the velocity components along x,
y and z-directions.
The geometry of the problem (Fig. 1) suggests that the
velocity ﬁeld in the ﬂow is of the form
u ¼ Xyþ fðz; tÞ; v ¼ Xxþ gðz; tÞ; w ¼ 0: ð32Þ
This means that the ﬂow is a result of superposition, in each
z= constant plane, of a rigid body rotation with the angular
velocity X about the z-axis and of a time-dependent rigid body
translation that changes from plane to plane with the velocity
{f(z, t),g(z, t), 0} in a Cartesian coordinate system.
The x and y components of the Navier–Stokes equation are
@f
@t
Xg¼1
q
@p
@x
þX2xþ m d
2f
dz2
þ rB
2
0
qð1þm2Þ½ðXl fÞþmg; ð33Þ
@g
@t
þXf¼1
q
@p
@y
þX2yþ md
2g
dz2
 rB
2
0
qð1þm2Þ ½gmðXl fÞ: ð34Þ
On the use of inﬁnity conditions given by (31), (33) and (34)
become@f
@t
 Xg ¼ m d
2f
dz2
þ rB
2
0
qð1þm2Þ ½ðXl fÞ þmg; ð35Þ
@g
@t
þ XðXl fÞ ¼ m d
2g
dz2
 rB
2
0
qð1þm2Þ ½gmðXl fÞ: ð36Þ
The initial and the boundary conditions (29)–(31) become
fðz; 0Þ ¼ f^ðzÞ; gðz; 0Þ ¼ g^ðzÞ for all zP 0; ð37Þ
fð0; tÞ ¼ Xl; gð0; tÞ ¼ 0 for t > 0; ð38Þ
fð1; tÞ ¼ Xl; gð1; tÞ ¼ 0 for t > 0; ð39Þ
Introducing s= Xt and on using (23) we get, on combining
Eqs. (35) and (36) as
2
@F
@s
¼ @
2F
@g2
 2 M
2
1þm2 þ i 1þ
mM2
1þm2
  
F; ð40Þ
where
F ¼ fþ ig
Xl
 1: ð41Þ
The initial and the boundary conditions (37)–(39) become
Fðg; 0Þ ¼ eðaþibÞg for all gP 0; ð42Þ
Fð0; sÞ ¼ 0; Fð1; sÞ ¼ 0 for s > 0; ð43Þ
To solve Eq. (40), we assume
Fðg; sÞ ¼ Hðg; sÞeag; ð44Þ
where
a ¼ M
2
1þm2 þ i 1þ
mM2
1þm2
 
: ð45Þ
On the use of (44), Eq. (40) becomes
2
@H
@s
¼ @
2H
@g2
: ð46Þ
The initial and boundary conditions for H(g,s) are
Hðg; 0Þ ¼ eðaþibÞg for all gP 0; ð47Þ
Hð0; sÞ ¼ 0; Hð1; sÞ ¼ 0 for s > 0: ð48Þ
Taking the Laplace transform, the solution of Eq. (46)
together with the initial and boundary conditions (47) and
(48), we have
Hðg; sÞ ¼ e
 ﬃﬃﬃ2sp g
s a 
eðaþibÞg
s a : ð49Þ
where
Hðg; sÞ ¼
Z 1
0
Hðg; sÞessds ð50Þ
and a is given by (45) and s the Laplace transform variable.
The inverse Laplace transform of the Eq. (49) is
Hðg;sÞ¼ e
as
2
e
ﬃﬃﬃ
2a
p
g erfc
g
2
ﬃﬃ
s
p þ ﬃﬃﬃﬃﬃasp  þe ﬃﬃﬃ2ap g erfc g
2
ﬃﬃ
s
p  ﬃﬃﬃﬃﬃasp 
easeðaþibÞg:
ð51Þ
On using (44), we have
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2
e
ﬃﬃﬃ
2a
p
g erfc
g
2
ﬃﬃ
s
p þ ﬃﬃﬃﬃﬃasp þ e ﬃﬃﬃ2ap g erfc g
2
ﬃﬃ
s
p  ﬃﬃﬃﬃﬃasp  
 eðaþibÞg:
ð52Þ
On the use of (41), Eq. (52) can be written as
fþ ig
Xl
¼ 1 eðaþibÞg þ 1
2
eðaþibÞg erfc
g
2
ﬃﬃ
s
p þ ðaþ ibÞ
ﬃﬃﬃ
s
2
r 
þeðaþibÞg erfc g
2
ﬃﬃ
s
p  ðaþ ibÞ
ﬃﬃﬃ
s
2
r 
; ð53Þ
where a and b are given by (28). Separating into a real and
imaginary parts one can easily obtain the non-dimensional
velocity components fXl and
g
Xl. The ﬂow exhibits a boundary
layer behavior with boundary layer thickness of O(a1). From
Eq. (28), it is evident that this thickness increases with an
increase in the magnetic parameter and decreases with an
increase in Hall parameter. The solution given by (53) reduces
to the solution of Ersoy [14] for M2 = 0 and m= 0.
3. Results and discussion
The velocity ﬁeld is determined with the help of the functions
f
Xl (the velocity component in the direction normal to the
plane containing the axis of rotation of the disk and that
of the ﬂuid at inﬁnity) and gXl (the velocity component in
the transverse direction parallel to the plane of the disk)
which are the components of the time-dependent rigid body
translation. The variations of velocity components fXl and
g
Xl
against g for several values of magnetic parameter M2, Hall
parameter m and time s are shown in Figs. 2–7. It is seen
from Figs. 2 and 3 that both velocity components fXl and
g
Xl
decrease with an increase in magnetic parameter M2. This
happens because the magnetic ﬁeld retards the ﬂuid motion
due to the opposing Lorentz force generated by the magnetic
ﬁeld. An increase in magnetic parameter M2 also acts to
strongly retard the ﬂuid motion. In the momentum Eq.
(40), the magnetic ﬁeld term arises in the Lorentz force; this
body force term is clearly accentuated with an increase in M2Figure 2 Velocity fXl for differentand therefore greater magnetic ﬁeld will serve to inhibit the
ﬂow ﬁeld. This is of great beneﬁt in magnetic materials pro-
cessing operations, utilizing static transverse uniform mag-
netic ﬁeld, since it allows a strong regulation of the ﬂow
ﬁeld in the vicinity of the disk. Figs. 4 and 5 show that both
velocity components fXl and
g
Xl increase with an increase in
Hall parameter m. The parameter m has a marked effect on
the velocity proﬁles. It is observed that increasing value of
m increases the velocity proﬁles until they reach the hydrody-
namic values. This is because the effective conductivity r
1þm2
decreases as m increases. Since the ﬂuid is assumed to be
weakly ionized, we can consider the value of the Hall param-
eter m lees than unity (Sutton and Sherman [31]). It is seen
from Figs. 6 and 7 that both velocity components fXl and
g
Xl
decrease with an increase in time s. It is interesting to note
that due to the existence of a centrifugal force, the velocity
components reach a maximum value close to the surface of
the disk. However, far away from the plane of rotation, i.e.
gﬁ 0, the ﬂuid does not rotate, but moves in a purely axial
direction.
We now consider the case when time s is small which cor-
respond to large s(1). In this case, method used by Carslaw
and Jaeger [36] is used since it converges rapidly for small time.
Hence, for small values of time, Eq. (49) can be written as
Hðg; sÞ ¼
X1
n¼0
ðaþ ibÞ2n
2nsnþ1
½e
ﬃﬃﬃ
2s
p
g  eðaþibÞg: ð54Þ
The inverse Laplace transform of the Eq. (54) is
Hðg; sÞ ¼
X1
n¼0
1
2n
ðaþ ibÞnð4sÞn j2nerfc gﬃﬃﬃﬃﬃ
2s
p
 
 eðaþibÞge12ðaþibÞ2s; ð55Þ
On the use of (44), we get
Fðg; sÞ ¼ e12ðaþibÞ2s
X1
n¼0
1
2n
ðaþ ibÞnð4sÞnj2n erfc gﬃﬃﬃﬃﬃ
2s
p
 
 eðaþibÞg; ð56Þ
where jn erfc(Æ) denotes the repeated integrals of the comple-
mentary error function given byM2 when m= 0.5 and s= 0.2.
Figure 3 Velocity gXl for different M
2 when m = 0.5 and s= 0.2.
Figure 4 Velocity fXl for different m when M
2 = 5 and s= 0.2.
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Z 1
x
jn1 erfcðnÞdn; n ¼ 0; 1; 2; . . . ;
j0erfcðxÞ ¼ erfc ðxÞ; j1 erfc ðxÞ ¼ 2ﬃﬃﬃ
p
p ex2 ; ð57Þ
where n is the dummy variable.
On the use of (41) and separating into real and imaginary
parts, the Eq. (56) gives
f
Xl
¼ 1 eag cos bgþ ecs½Aðg; sÞ cos dsþ Bðg; sÞ sin ds; ð58Þ
g
Xl
¼ eag sinbgþ ecs½Bðg; sÞ cos ds Aðg; sÞ sin ds; ð59ÞwhereAðg; sÞ ¼ T0 þ c 4sð ÞT2 þ c2  d2
	 
ð4sÞ2T4
þ c3  3cd2	 
 4sð Þ3T6 þ    ; ð60Þ
Bðg; sÞ ¼ d 4sð ÞT2 þ 2cd 4sð Þ2T4þ 3c2d d3
	 

4sð Þ3T6þ    ð61Þ
c ¼ M
2
1þm2 ; d ¼
mM2
1þm2 ð62Þwith T2n ¼ jn erfc g2 ﬃtp ; n ¼ 0; 2; 4; . . ..
Figure 6 Velocity fXl for different time s when M
2 = 5 and m = 0.5.
Figure 5 Velocity gXl for different time m when M
2 = 5 and s= 0.2.
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f
Xl and
g
Xl on using the exact solution given by Eq. (53) and series
solutions given by Eqs. (58) and (59) in Figs. 8 and 9. It is seen
that series solutions given by (58) and (59) converge more rap-
idly than the exact solution given by (53) for small time.
Hence, we conclude that for small time, numerical values of
velocity components can be evaluated from Eqs. (58) and
(59) instead of the Eq. (53).
Non- dimensional shear stress components at the disk
g= 0, which oppose the rotation of the disk can be obtained
from the Eq. (53) assx þ isy ¼ fg 0; sð ÞXl þ i
gg 0; sð Þ
Xl
¼ ðaþ ibÞ
 ðaþibÞ erf ðaþ ibÞ
ﬃﬃﬃ
s
2
r 
þ
ﬃﬃﬃﬃﬃ
2
ps
r
e
1
2ðaþibÞ2t
" #
: ð63Þ
The numerical values of the non-dimensional shear stress
components sx and sy at the disk g= 0 due to the primary
and secondary ﬂows respectively are presented in Figs. 10
and 11 for several values of magnetic parameter M2, Hall
parameter m and time s. Fig. 10 clearly shows that the absolute
values of the shear stress sx and the shear stress sy signiﬁcantly
Figure 8 Variations of fXl for the general solution and solution for small time when M
2 = 5 and s= 0.2.
Figure 7 Velocity gXl for different time s when M
2 = 5 and m= 0.5.
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to the fact that the magnetic ﬁeld opposes the motion of the
ﬂuid. It is seen from Fig. 10 that the absolute values of the
shear stress sx reduces whereas the shear stress sy enhances
with an increase in Hall parameter m. This happens because
the electrical conductivity of the ﬂuid decreases with increasing
m which ultimately reduces the magnetic damping force and
hence the shear stress sy increased considerably. Fig. 11 shows
that the absolute values of the shear stresses sx and sy reduces
when time s progresses. The trend shown in ﬁgures indicates
that the ﬂow ﬁeld quickly gets stabilized.
For small time, the shear stresses at the disk g= 0 due to
the ﬂows fXl and
g
Xl can be obtained assx ¼ fgð0; sÞXl ¼ a
ectﬃﬃﬃﬃﬃ
2s
p Pð0; sÞ cos dsþQð0; sÞ sin ds½ ; ð64Þ
sy ¼
ggð0; sÞ
Xl
¼ b e
ctﬃﬃﬃﬃﬃ
2s
p Qð0; sÞ cos ds Pð0; sÞ sin ds½ ; ð65Þ
where
Pðg; sÞ ¼ Y1 þ c 4sð ÞY1 þ c2  d2
	 

4sð Þ2Y3
þ c3  3cd2	 
 4sð Þ3Y5 þ    ð66Þ
Qðg; sÞ ¼ d 4sð ÞY1þ2cd 4sð Þ2Y3þ 3c2d d3
	 

4sð Þ3Y5 þ    ð67Þ
with dT2n
dg ¼  Y2n12 ﬃtp ; where Y2n1 ¼ i2n1 erfc g2 ﬃtp .
Figure 9 Variations of gXl for the general solution and solution for small time when M
2 = 5 and s= 0.2.
Figure 10 Shear stresses sx and sy at the disk g= 0.
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stress components calculated from Eqs. (63)–(65) are entered
in Tables 1 and 2 for several values of Hall parameter m and
time s. It is observed that for small values of time, shear stres-
ses calculated from Eqs. (64) and (65) give better result than
those calculated from the Eq. (63). Hence, for small values
of time, one should derived numerical results of shear stresses
from Eqs. (64) and (65) instead of Eq. (63).
For large time, Eq. (53) can be written in the following form
fþ ig
Xl
¼ 1þ e
12 aþibð Þ2sﬃﬃﬃﬃﬃﬃﬃ
2ps
p
aþ ibð Þ e
ðaþibÞg  eðaþibÞg : ð69Þ
Separating into a real and imaginary part, we havef
Xl
¼1þ
ﬃﬃﬃﬃﬃ
2
ps
r
e
1
2 a
2b2ð Þs
a2þb2	 
 asinhagcosbgþbcoshagsinbgð Þcosabs½
þ acoshagsinbgbsinhagcosbgð Þsinabs ð70Þ
g
Xl
¼
ﬃﬃﬃﬃﬃ
2
ps
r
e
1
2 a
2b2ð Þs
a2þb2	 
 acoshagsinbgbsinhagcosbgð Þcosabs½
þ asinhagcosbgþbcoshagsinbgð Þsinabs ð71Þ
Asymptotic solutions (70) and (71) show the existence of
inertial oscillations with time. Effects of Hall current manifest
itself through inertial oscillations with the frequency
Figure 11 Shear stresses sx and sy at the disk g= 0.
Table 1 Shear stress sx at the disk g= 0 due to the primary ﬂow.
mns sx (For General solution) sx (Solution for small times)
0.002 0.006 0.008 0.002 0.006 0.008
0.2 0.9695310. 0.743430. 0.609964. 0.9695210. 0.743410. 0.60993
0.4 97653 74989 0.61597 97652 74986 0.61593
0.6 0.98763 0.760290. 0.62579 0.98761 0.76025 0.62574
0.8 1.00047 77243 0.63735 1.00045 0.77240 0.63730
Table 2 Shear stress sy at the disk g= 0 due to the secondary ﬂow.
sy(For General Solution) sy(Solution for small times)
mns 0.002 0.006 0.008 0.002 0.006 0.008
0.2 0.52194 0.50021 0.48208 0.57208 0.56143 0.55254
0.4 0.75139 0.72115 0.69588 0.80157 0.78243 0.76643
0.6 0.93512 0.89942 0.86955 0.98534 0.96077 0.94022
0.8 1.07098 1.03257 1.00038 1.12124 1.09399 1.07116
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2
1þm2 : ð72Þ
The novel phenomenon given by Hall currents is that it not
only induces a cross ﬂow transverse to the main ﬂow but makes
it oscillatory. It is seen from (70) and (71) that the ﬂow reaches a
steady state for large time. The Eq. (72) shows that frequency of
oscillations ﬁrst increases reaches a maximum at m= 1 and
then decreases with an increase in Hall parameter m.
4. Conclusion
The unsteady hydromagnetic ﬂow due to eccentric rotation of
a disk and a ﬂuid at inﬁnity in the presence of an axial uniform
magnetic ﬁeld has been studied. It has been found that the
inclusion of the Hall term has some interesting effects. Hall
currents have tendency to accelerate both the velocity compo-
nents. The absolute value of the shear stress at the disk due tothe primary ﬂow reduces whereas the shear stress at the disk
due to the secondary ﬂow enhances with an increase in Hall
parameter. Further, it is noted that the solution for small val-
ues of time, converges more quickly than the general solution.
The novel phenomenon given by Hall currents is that it not
only induces a cross ﬂow transverse to the main ﬂow but
makes it oscillatory. The model has important applications
in industrial energy systems, process mechanical engineering,
electromagnetic materials processing and electro-conductive
chemical transport processes.
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